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Third order difference equations for hyperbolic initial value problems have been
developed in one and two space variables. Splitting methods in time and in space are
used to achieve simplicity and economy in the algorithm. Example calculations are
shown indicating the accuracy attainable.

1. INTRODUCTION

In recent years there has appeared in the literature a surge in the number of
papers dealing with numerical solutions of partial differential equations. And,
usually, the difference methods employed are of first or second order of accuracy.
This restriction is not an arbitrary one, but rather, is related to the fact that com-
puting machines have been relatively slow and their high speed memory capacity
has been small; hence, a usable computational scheme must necessarily have the
attribute of simplicity. In problems of more than one space dimension, even greater
emphasis is placed on simplicity.

It is anticipated, however, that a new era of computability is almost upon us. We
are referring to the use of parallel processors, i.e., N-serial type computing proces-
sors, each of which is synchronized and each of which can communicate with the
other processors through a common memory or central controller. The value of N
may be from 2% to 2% and the arithmetic speed of each individual processing unit
will be in the sub-microsecond range. Through organizing the data, each mesh
point or string of mesh points may have its own central processor, which means the
solution on the entire mesh may be advanced essentially simultaneously. For such
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548 BURSTEIN AND MIRIN

a class of computing machines, the requirement of simplicity for the difference
scheme may be relaxed.

In this note we propose a class of difference schemes for first order hyperbolic
problems in one and two space dimensions. The methods are applicable to non-
linear initial value problems; these schemes are uniformly third order accurate
in both the space variables and time and are similar to methods proposed by
Strang [8].

2. A THIRD ORDER DIFFERENCE OPERATOR

We will construct a difference operator which is uniformly accurate to third order
in each of the space and time increments 4x and At. There are schemes which are
third or fourth order accurate in the space variable, but second order in the time
step [10]. Such methods are, therefore, not uniformly third accurate in both the
independent variables. The approximation scheme described here is constructed
in divergent form—just as the original differential equation is written in divergent
or conservation form. In order to describe the derivation, consider the differential
equation in one dimension

u, = F(u, x, t, uy)

Q.0
u(x, 0) = uy(x) —w <X <

in which the flux is computed by evaluating F. Of course, for partial differential
equations, F cannot be computed exactly since it depends on derivatives in the
space variables. An approximate evaluation of F can be obtained if the space
derivative, u; , is replaced by a difference approximation du. In this paper we look
at Runge-Kutta type approximations to (2.1) which are third order accurate and
for which the algorithm

u(t + 4r) = u(t) + ¥tky + 4k, + ks)
where

ky = At F(t; , uy)

ky = At F(t; + 4t/2, u; + ky/2)

ke = At F(t, 4 At, u; — ky + 2k,)

is a third order Runge-Kutta method of integration for first order ordinary
differential equations and is the basis for the method derived for partial differential
equations. Since three evaluations of F(r, u) are required, we would expect the
same number of evaluations of difference approximations to the flux for the partial
differential equation to be required. The form of the function F for the partial
differential equation

u=fr=F Q2
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leads to the requirement that the approximation to F, F differ only by terms of
O(413) so that if @ is a difference approximation to u satisfying

a(t + At) = a(t) + At F
then | u(t + 4t) — @t + 4t)] = O(4r*). Here
F(x;,t,,u;,8u,..) = F(x,t,u,u,,..) + Ot3).

The great advantage of Runge-Kutta methods (one example is Richtmyer’s
Lax-Wendroff two step method [1]) is that to achieve higher order accuracy in
approximating u(¢) only repeated evaluations of F are required. For complicated
F, however, this advantage becomes a disadvantage so that it may be desirable to
use methods which do not require multiple evaluations of F(x), having only slight
changes in the value of the argument, x, of F.

As in ordinary differential equation theory it is possible to construct approxima-
tion techniques to partial differential equations using Taylor series methods. For
high accuracy this requires evaluation of higher derivatives of (2.1) and for
coupled systems of equations, i.e., for systems of the form (2.2), these derivatives
become more and more complicated to evaluate. Lax and Wendroff [2] showed,
however, that for systems of conservation laws given by (2.2), Taylor’s method
can be used to construct an elegant second order accurate algorithm. They showed
that u,, can be evaluated by using the original differential Eq. (2.2). If the matrix
A = 9ffdu is introduced, then (2.2) can be written by using the chain rule as

e = AW s, 223)
so that
uw =i = (L) = A0 @3)

is found in terms of space derivatives only. If one wished to construct a third order
method, it would be necessary to compute the time derivative of (2.3) for the next
term in the Taylor series. Unfortunately, it is not possible to then eliminate terms
containing 94/0t = A easily so that only space derivatives remain. It is clear that
the dependence

4 = A, u,)

will occur through time differentiation of each term of 4 and back substitution for
the time derivatives of u from the right hand side of (2.2) (where the function F is
relatively simple). For the equations of gas dynamics, this procedure will result in
unnecessarily complicated difference methods with the associated disadvantage
that the form of the algorithm will not be conservative.!

' G. Zwas and S. Abarbanel have shown, however, for the scalar case where 4 = a(u), that the
I-th time derivative of # can be given by the compact expression & = (@"U)ps, n =1 — 1,
which preserves the conservation form of the associated differential equation.
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Instead of pursuing this approach, we use the alternate procedure which we
first discussed, and which was first pointed out by Robert Richtmyer [1]. He showed
that the Lax~Wendroff method could be written in two steps. For each step, only
an evaluation of f, is required—just what one would expect from a Runge-Kutta
type method. The third order method which we now describe was first proposed
by Rusanov, and we repeat some of the results that are contained in his paper [3].
We consider a sequence of iterates to the solution u(r). The r-th iterate, 4'”, defines
an approximation to #, which is given by the system

r—1
= u® + Aty o F(t,,u?), r=12.,R

8=0

The function F is evalvated at time ¢, = t, -+ 7, 41,5 = 0, 1,... R — 1, with
#(0) = #i(1,) defined at #, and 7, = 0.

A solution u'® = u(t,) is obtained at #; = ¢, + 4t. To advance the solution
from 4, to 7, , the above procedure is repeated with ¢, replaced by t, . The «,, are
determined by requiring that #'® satisfy the Taylor expansion

Fu Ar? (3’;70’) A3 (Bsﬁ”

u® — 4o At( o ) + St e 37 _@3_) -+ O(4tY)

up to the required order of accuracy, which is three. The quantities in parentheses
are difference approximations to the derivatives of u, . To apply this procedure to
the partial differential Eq. (2.2) it is convenient to write out the sequence of iterates
using the notation u\” = u(x;, t,) with t,,, = t, + 4t and X = 4dt/4x. We use
the following spatial difference operators in the derivation

wWi(x) = 3(f(xis1s0) + fxic1se))

(2.3)
Of(xy) = f(xiv1s2) — f(xia/0)
and thus
pdf(x) = 3(f(xer1) — f(xiy))-
Then ¥V = d@(x,, t, + 7, 4t) is given by
ui-le-)l/z ui(g—l/Z + "‘10{’\8f i+1/2}’ (2.4)

u® = d(x;, 1, + 7, At) is given by

U = 1 + oy AuBf} + ay (N 0) @)
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and u™! = u® = d(x,, t, + A4t) is given by

urtl = u® + oy (A + 0,,8%) pdf )}
+ o M + 65,09 8} 4 o, {Audf ).

The sequence (2.4)~(2.6) is chosen to be in flux divergent form since the original
differential equation is in this form. Equations (2.4) and (2.5) are generalizations of
Richtmyer’s two step method; it will be shown that this form will lead to a one
parameter set of difference methods. Equation (2.6) represents a linear combination
of central differences of the flux at the three previous time levels 1, , £, + 7, 47 and
to + 75 4t. The quantity pui®) , replaces u},,,, for stability of (2.4) (and indeed for
stability of u{®).

The prescription to find the «,, is to use operators (2.3) in (2.4)-(2.6), and then
expand each term in the brackets as a Taylor series; for example,

ufs = f; + 4.3 f(Ax%2)
8 = d. f; Ax + ¥ (4x3(8) 2.7
pdf; = d, f; dx + ¥d,3f; Ax.

We use the symbol [=] to indicate that the expressions (2.7) are correct modulo
terms O(4x%). In order to compare the resulting expression with the third order
expansion

ae ar
urtl = y» -+ (du) At 4 (d.u™) -t (deeat™) <t o4ty

(2.6)

. . 2.8)
= 4 (e At + @uf") O+ Guaf) G+ 0D,

the functions fO(t, + 7, 4¢) and f®(t, + 7, 4¢t) must be expressed as Taylor
expansions about f* = f©(t,). For instance, since we want to find udf ®, first use
(2.7) and then apply Taylor’s formula to the result to obtain

2
WS = (4, F9) Bx + 7, B, f0) dx + I (g pio) dx 4 LA, 1) 2
1n a similar fashion, we obtain the required expansion for each of the bracketed
expressions in equation (2.6). The expression for ™! results in
Uttt = u" + (ago + cgal(def) At + agra(daf) 4¢?

0‘32"22

+ 2L (duf) AP

] 9
+ I3 (g0 + Goigglyy + tg) oS At Ax2.

581/5/3-13
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The terms containing oy, are at most second order accurate so to preserve the
accuracy of u™tl, ay; = 0.

Comparing (2.8) with (2.9) we see that for u"+! to be third order accurate,
Eq. (2.6) must have coefficients «,, and 8, which satisfy

o + o = 1, OgaTs = 3 ;
(2.10)

3
o + Gonally + om =0, ML —

N = N =

These relations imply that oy = 3/4, oy = 1/4, 7, = 2/3 and Oy = —2/3.
Again, by using this expansion procedure on the bracketed expressions in Eq. (2.5),
we obtain

u® = u" + ag(d, f) At + agy((d=f) At + (dee f) 7 412). @11

For the above equation for u'® to differ from the Taylor expansion for 4'® about
u” by only terms of O(4¢®), the o, must satisfy

tg+ oy =7, angm = int 212)
Similarly, for Eq. (2.4) to yield first order accurate data for &'V,
e = Ty . (2.13)
Hence, we have specified the coefficients to within one parameter, namely, =, .

For 7, = 1/3, we have ayy = 0 and oy, = 2/3. In this case the difference equa-
tions become

1 i
“ﬁ-’l/z =3 W}y +u™+ 3 AU — S (2.14a)
2
u?) = u,-” + 3 {A(f {i’m "'f g,)l/z)} (2'l4b)

8 =+ g (At W — T+ L)
+3 B — ). (2.140)

These equations are the analog of the integral of the conservation law. To see this
we use Fig. 1 to define integral quantities U, and U;:



HYPERBOLIC EQUATIONS 553

X
U =f ufx,t,) dx

X

T
it W)~ /A-:f(:(z't,uz) ey
X

X2 fo

Xz
Uo =f u(xto) dx .

X

FiG. 1. The Region of space-time domain over which the conservation laws, Eq. (2.2), are
integrated.

Integrate (2.2) over the shaded region in the space time domain to obtain
21 Y
U, = U, + L %, 1, ug) dt — f: f0x 5 8, w) dt.
0 0

In the above expression () and uy(t) are the values of u at the net points x; and x,;
the time dependency is indicated. The values of u computed by system (2.14) yield
a sequence u(?,), ) < t; < ?;, which allows the integrals of the flux over the time
interval 7, — ¢, to be approximated more accurately. The sums U, , U, are seen to
be telescoping sums in f cancelling in pairs over all net points between x; and x, .

We show in the next section the stability properties of system (2.14); indeed,
(2.14) is unconditionally unstable (after all this effort!). If the right hand side of
(2.14c) is denoted by R", then a stable scheme is obtained by subtracting an
undivided difference quotient of fourth order from R, i.c.,

Wt = e — 2 8w >0, (2.15)
The net point cluster of the difference scheme (2.14) is shown in Fig. 2.

—_—
At/3

—
A/3

Av/3
¢

- - o - - ——-X
1-2 (] ) 14| 142

FiG. 2. Net point cluster for difference Eqs. (2.14a, b, ¢) and (2.15).
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The points designated o are first order accurate data, c-points are second order
accurate data, and the X-point is the third order accurate solution. The schematic
indicates the operator defined by (2.14a) is applied five times, (2.14b) is applied
three times, and (2.14c) and (2.15) are applied once. Another scheme is obtained
for 7, = 2/3 (o = gy == 1/3); for this choice of 7, the difference scheme is
given by

1 2
Ul = 5 @y + 87 + 500, — ) (2.16a)
2 (A 1
“?) =u"+ 3 gf [(f 231/2 - :'];)1/2) + 2 (f ?+1 —f ?-1)]: (2.16b)

and Eqs. (2.14¢c) and (2.15).
The net point cluster of this difference scheme is also shown in Fig. 3.

t X

At

t

T s * e A PURE S f H A Y
-2 - i 1+ 142 -2 =1 i 141 1+2

Fic. 3. Net point cluster for difference Egs. (2.16a, b), (2.14c), and (2.15).

Since (2.14c) requires second order data u{®, as well as initial data, u{” for evalua-
tion, in principle any second order difference operator can be used to generate this
data; in particular u® could be obtained from

u?) =ut — /3\ (f ?+1 - ?—1) + % {A£+1/a(fi+1 _fs) - Ai—l/z(f;' "fi—1)}

which is the Lax-Wendroff method.

In addition, a simple method can be used to obtain first order accurate data "
other than (2.14a) or (2.16a). The only requirement is that the overall scheme be
stable. In choosing oy, = 7, we have considered only values which result in positive
weights in (2.5) and a value for the time step of (2.4) which is less than or equal to
the time step of (2.5). The permissible range of oy, required to satisfy these con-
ditions is 1/3 < oy < 2/3.

3. STABILITY OF THE ONE DIMENSIONAL DIFFERENCE OPERATOR

Let M be the amplification matrix obtained by first letting f(u) = Au and then
substituting (2.14a) and (2.14b) into (2.14c) subject to the viscosity expression
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(2.15). The amplification matrix of this combined system, obtained by substituting
g exp(ixx) for u is
2 42

ME N, @) = 1 — Y sint £ — £ (1 — cos g
+ M sin £ (1 + 3 (1 — cos 1 — X)) G.1)

where { = kdxand 0 < € < =.

Call m the eigenvalues of M (see Fig. 4) and ¢ = Ap, p the eigenvalues of 4.
Construct the function g(, o, w) from the real, R, and imaginary, 1, parts of (3.1)
by

(3.2)

Absolute value of the eigenvalues of Equation (3.1) showing dependence on w.
The values of o are within .05 of the maximum allowable for each w.

S| @ | @

0 0 1.00

1 173 0.05 /2

2 2/3 045 . (‘) o,

3 373 0.25 : P T

4 573 Q45 g

5 8/3 080 .

6 9/3 095 e .
L-/ 10/3 1.00 "

.
00t
11.49 Ll.OO t0.60 LD 34 on

Fic. 4. Spectral radius of the right hand side of Eq. (3.1) showing dependence on . The
values of o are within 0.05 of the maximum allowable for each w.

Since it takes so much effort to compute g, we shall state its value here.
I o? 1 — o¥)?2y .
g, 0, 0) = T sin® £ + 3 (—;, + ‘(“—"3‘—0—)—‘) sin® £(1 — cos §£)?
w? w
—_ — 4 _ —_ 2
+ 36 (1 —cos § 3 (1 — cos §)

T f;’:aau — 0% sin® &1 — cos £). (3.2a)
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Now | m?| < 11if, and only if, g < 0. Allow £ = = and observe that
8(m, 0, w) = fw(w — 3) <O (3.3
if, and only if, 0 < w < 3.

For small values of £, g can be written as
&

m(¢, o, w) = €% + (do? — o* — w) @

+ O(£). (3.4)

Geometrically, one sees that g will exceed one, in the complex plane, unless

w > 40 — oA (3.5
That is, the operator (2.14) will not be stable. Hence combining (3.3) and (3.5) we
conclude that 402 — o* < w < 3 which in turn implies that 0 < o% < 1,
3 <o® < 4. To show that o? takes on allowable values only in the interval
0 < ¢® < 1, which is more strict than the Courant-Friedrichs-Lewy condition [4],
it is necessary to show that for any value of o such that 3 < 0% < 4, there exists a

& = & # 0 such that g(§,, 0, w) >0 for w given by (3.5). In equation (3.2a)
set £ = /2

8 (5> 0 @) = ¢ (@ + (6o — 12) + (40° — 230* + 280%)
> 55 (40% — 0 4 (40 — (60* — 12) + (4o — 234 + 280))
—Z @D -4 -0 for I<oi<4

Weseeg <Oonlyif 0 < o2 < 1.
It is clear that if w = 40® — o* and if 0 < ¢ << 1, then g < 0. Setting
g*(fs 0') = g(f: g, 40% — 0‘)9

and noting that sin* ¢ = (1 — cos §) - (1 + cos £), we compute
ga(6,0) = 7 (1 — oS €7 (4 — o1 — o) - Picos &), (36)

where the quadratic polynomial P, is defined by
Pyx) =ax* + bx + ¢
a=—(1—o%
b=23— 0%

c=—(5— 0%

3.7
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It can be shown that Pyx) <O if x <1, which implies Pycos &) < 0 if
0 < ¢ <= Clearly, g, 0) <0 since 0 <o® <1. One also observes that
240, o) = 0. At this point we have shown that the right side of (3.2) is negative
definite for = > ¢ > 0 and

0] 0<o<l )

(i) w = 4g — ot.

We exclude the case where o = 1, since if that occurs, w = 3, and g(¢,1,3) = 1,
which leads to | m® | = 1, i.e., the associated difference operator is not dissipative.
We look at the quantity | m | . It can be bounded (using (3.4)) for small ¢:

im| <14 (—"i———;"——-i) % + O(&5). (3.9)

One can show that for any o € (0,1) there exists an e > 0 such that if
w =402 — o' + eand0 < ¢ < m, g(¢, 0, w) < 0, which is equivalentto | m | < 1.
There exists a pair (3, , 1), each greater than zero, such that 0 < ¢ < 7, implies
|m| < 1— 8¢ Since [7, ] is compact and since | m | < 1 on [x, 7], there exists
a positive J, such that if » < & <, then | m| < 1 — §;£% Let 8 = minimum
(81, 3;); we see that the difference scheme associated with the amplification matrix
(3.1) is dissipative for 0 < ¢ < 7 in the sense of Kreiss since

Im| <1—88, &>0. (3.10)

Since the accuracy is of order 3, (3.1) is stable [5].

4. Two DIMENSIONAL METHODS

For two dimensional hydrodynamic flows in which x and y are the cartesian
coordinates, the equations of motion can be written in conservation-law form

U, =fz+gv’ @.1)

where g is the vector representing the flux of the mass, momentum and energy per
unit volume in the y direction. We carry out differentiation of (4.1) using the chain
rule to obtain

u, = A(w) u, + Bu)u, . 4.2)

In general the matrices 4 and B do not commute and are not normal.
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If one considers the class of linear problems where A, = A(4,) and
B, = B(u,), u, the state about which the motion is linearized, then (4.2) may be
integrated to yield

u(t + At) = Pu(z), “3)

P = exp [(A,, —a% 4 B, —887) At].

Equation (4.3) is also valid even if 4, and B, vary; however, the variation must be
independent of time. With the obvious change in notation P may be written as

P = eA+B, 4.4

This operator is called the exact solution operator of equation (4.2). The Fourier
transform of P, P = exp(i(A¢ + By)) is called the symbol of the operator P
(see Ref, [5]). By multiplying the initial data u(x, y, 0) = u(0), r successive times
using the operator P, we can map u(0) into w(T), T = r 4t.

In forming difference approximations to (4.1) or equivalently in approximating
the operator P, the question of stability arises. The analysis of stability of the
difference operator becomes difficult, especially as the order of accuracy (and
corresponding complexity) of the difference scheme increases. Indeed, in Strang’s
paper [6] on the construction of accurate difference methods, he is motivated in the
construction of difference methods by approximating P to the desired degree of
accuracy by operators which are products of e4 and e?.

It is well-known, for instance, that a first order approximation to the matrix P
can be written as

P = edeP + O(4r?) .5)

since 4 and B are of order 4. The error in (4.5) goes to zero when 4 and B are
scalars. The operators e4 and e? can be thought of as exact solution operators to
the one dimensional differential equation of the form (2.2a) defined separately for
the x and y directions. Let L(4) and L(B) be difference approximations to the
operators e4 and e?, respectively. If £(4) is the symbol of the x-difference operator
and

| L(A) — ei4¢ | = O(dr), (4.6)
then we conclude that the difference operator is accurate to order p.

Strang has shown [6], [7], and [8] that if one considers an operator L,(4, B)
formed from the product of the one dimensional operators

Ly(4, B) = L(4) L(B)
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then
| HL\(4, B) + Ly(B, 4)) — P| = O(&, v®), @7

where P has been defined previously. Strang has also noted recently [8] that it is
possible to satisfy (4.7) with the product

L(A[2) L(B) L(4/2), 4.8)

replacing the sum in (4.7); hence (4.8) provides the structure for another difference
scheme of second order accuracy.

The stability of (4.8) follows immediately from the stability of each one dimen-
sional operator L(A4) and L(B). For (4.8) to be second order accurate and stable
each one dimensional operator, given by

L(A2) = I — (/2) 45 + (\/8) 4252, @.9)

e g oo L . . e s
Au(4) < 1
Au(B) < 1.

(4.10)

Equation (4.8) can be used with a second order two step procedure rather than
(4.9), i.e., Eqs. (2.14a) and (2.14b) or system (2.16) (with the appropriate time
step). The advantage is the elimination of the evaluation of the matrix A4 in the
difference scheme.

Gourlay and Morris [9] have performed some computations with such schemes.
They have adopted the operator in (4.7) for practical computations by using
two step versions of L(4) and L(B).

We wish to look for difference schemes of the form given by (4.8) which are of
uniform third order accuracy. The structure of the difference operator will then be
based on the third order one dimensional operators discussed in Section 2.

We have considered generalizations, of the operators given in (4.7) and (4.8),
of the form

S =Y ¢ [] eiePii®, 4.11)
i i

where 3¢, = 1land ¥ o;; = ¥ B;; = 1 with each o, 8 > 0.
Clearly, if one chooses ¢, = 1 with oy = By = By = o = 1/2 and
o = 0 = By, , then (4.11) becomes

Si(A4, B) = e4/2eBedl?, 4.12)



560 BURSTEIN AND MIRIN
With the constants ¢, = 1/2 and o; = By, = 1, and ¢, = 1/2 and
(112 - O = Bgz > Blz = l - a22 5 (4.11) becomes
S, = 3(ete® + ePer). 4.13)

The operators S; and S, are the operators Strang has investigated. It is interesting
to consider the operator formed from linear combinations of (4.12) and (4.13), i.e.,

3 2 3

If the one dimensional differential operators in (4.14) are replaced by corresponding
one-dimensional difference operators defined by

Ss

S, . (4.14)

2 3
L(A) = I + Mpud + "7 A%t % A58, @.15)
then it may be verified by direct computation that the resulting difference approxi-
mation L, to the differential operator S; satisfies

Ly = I+ XA + B) + (M/2)(4 + B)* + (A*/3))(4 + B). (4.16)

Here, for simplicity we have used the abbreviations 4 = A() 8., B = B(u) §, for
the centered difference operators and A = At/dx, 4 = Ax = Ay. This is precisely
the expansion for (4.4) up to cubic terms. The operator, S;, was first found by
J. Dunn.

The procedure used to derive the third order approximation to (4.4), which is in
some sense computationally optimal, follows.

The operator defined by (4.14) is complicated and inefficient as it requires ten
sweeps through the mesh—five in the x direction and five in the y direction—to
advance the solution one time step. It is clear that more compact forms resulting
in economical algorithms suggested by (4.11) are desirable. Consider the differential
operator

c,ede? | cyerdefBell~atde1-AB 4.17)

If the constants are chosen correctly (4.17) can be made to differ from (4.4) by
terms of O(4¢t%). To do this first expand each of the exponential forms up to terms
involving cubic powers of the matrices 4 and B. This allows the evaluation of the
term corresponding to the coefficient c,:

I+(A+B)+¥A2+B)+ [« +(1—a)1—Pl4B
+ [B(1 — «)] BA + ¥(4® + B°)
+ 4o® + 2a(1 — )1 — B+ (1 — x* (1 — B)] 4B (4.18)
+ af(l — a) ABA + }B(1 — «)® BA® + }fX1 — ) B
+ B(l — a)(1 — B) BAB + [af? + 2«8(1 — B) + (1 — B)*] 4B,
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and the evaluation of the term corresponding to the coefficient ¢;:
I+ (A+ B)+ }(4%+ B) + AB + }(A® + B®) + ¥(A*B + ABY). (4.19)

For simplicity we just equate the coefficients of the matrices BA, ABA4 and BAB in
(4.18) to their proper values:

fl — ) =1}

3,
c2°‘ﬁ(l - o‘) = "(lis

Bl — o)1 — B) = .

These equations yield the values « = 1/3, 8 = 2/3,¢, = 9/8and ¢; = —1/8. We
again observe the appearance of the nonpositive weight in our difference scheme.
The difference equation becomes

and

L, = (9/8) L(A/3) L(2B/3) L(24/3) L(B/3) — }L(A) L(B). (4.20)

Each one dimensional difference operator in (4.20) is defined by (4.15). The proof
of stability of (4.20) (and that of (4.14)) does not follow from the fact that the
norm of each one dimensional operator | L | < 1. If each coeflicient ¢; in (4.17)
were greater than zero, then L, would be a convex operator and one could con-
clude in that case that L, had norm less than one. We defer this question until
later.

It appears that (4.20) is most efficient in the sense that the number of one dimen-
sional sweeps is a minimum for a third order operator. One needs at least six
applications of the exponential operators e4 and e? to match the noncommutative
terms that result from the third order term in the Taylor expansion for e4+Z; i.c.,
(4 + B)®. The proof of this statement involves consideration of linear combina-
tions of products of e4 and e® taken two at a time and three at a time. All such
combinations fail to yield simultaneously the matrix operators 4BA and BAB.
Next, consider product combinations of the one dimensional operators taken four

at a time:
e 4eBBg(l-a)Ag(1-§)B_

Expanding and considering the requirement that second order accuracy implies
B(1 — o) = 1/2, we find that for third order accuracy « = 1/3, B = 2/3. Hence
there is a contradiction. Finally operators formed from products taken five at a
time are of the general form

"4 gP1BpordohrBgosd 4.21)

For (4.21) to be third order accurate «; must satisfy 12a,2 — 6oy + 1 = 0. This
polynomial however has only complex roots.
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Hence a third order splitting method of the form (4.11) must have at least six
terms. We state that the linear combination of the form (4.12), i.e.,

cleaA pBp(l1—x)A + czeBBeAe(l-B)B

cannot differ from e4+? by terms of O(d4#%). Satisfying consistency requires that «
and B8 must satisfy

Hoe—Ba+B—1)=0.

If « = B we can show that « must satisfy a quadratic in « with complex roots. If
o + B = 1, « satisfies (0« — 1/2)(x — 1) = 0. Now a 7~ 1 so « = 1/2 and there-
fore B = 1/2 which is a contradiction.

If one were to consider only operators with ¢; > 0, then third order accuracy
could still be obtained but with a relaxation of the condition that all «;, B; > 0.
Although the analysis of stability would be trivial, one would have to accept multi-
step difference methods with operators having a negative time step. For flows
which contain shocks or other irreversible phenomena the problem is not well
posed. If the flow is smooth and thermodynamically reversible there may be no
drawback to such methods. We indicate in section 7 some results using (4.20).

5. AsYMPTOTIC OPERATORS

It is possible to generate a difference operator with «;; , 8;; and ¢; > 0, but only
asymptotically. Consider the differential operator

S(A, B; N) = e#/Ng2B/Ned/N
and its conjugate S(B, A; N). Then
Sy = (S(4, B; N)S(B, A; N))¥*, N =4,8,... 5.)

is called an asymptotic third order difference operator. Sy would be an exact third
order operator if the coefficient 8; of the terms (A2B, B24), (BA?, AB?) and the
coefficient 8, of the terms (4BA, BAB) satisfied 8; = 8, = 1/6. Instead these
coefficients are functions of N. We have computed bounds on the coefficients and
show them for several values of N:

N I 16, —1/6] < |8, — 1/6 ] <

4 0.0053 0.0105
8 0.0013 0.0026
12 0.0006 0.0012
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It appears, that using (5.1),
| fim Sy — P| = O(4r9).

Since |S(4, B)| <1 and |S(B,A) <1, then |Sy| <1 which shows the
stability of (5.1). The operator defined by (5.1) achieves its accuracy by using finer
and finer time steps, 4¢/N, as N — oo; indeed it is the form assumed for S, that
gives the rapid convergence of coefficients 8,, 8,. The operator (e4/NeB/NN/2
N = 2, 4,... will also give asymptotic high order accuracy (greater than first order)
but requires many evaluations (large N) per time step. In comparison, (5.1) may
be satisfactory for N = 4.

6. STABILITY OF TwO DIMENSIONAL OPERATORS

Except for the brief discussion on the stability of asymptotic operators, we have
not found a satisfactory method for the analysis of the stability of the operators
given by (4.11). Our only recourse is to carry out a numerical analysis of the eigen-
values of the amplification matrix using the digital computer. We have completed
a calculation in which the independent variables are the wave numbers (£, 4) in
(x, y) space. We took the dissipation coefficient w to be @ = 402 — o 4 € with
—0.2 < € < 0.21n steps of 0.1 and with 0 < ¢ < 1 also in steps of 0.1.

From this parametric study, it appears that the spectral radius of (I,£, 1), the
transform of (4.20), satisfies

[ (L€, )l < 1 6.1)
and
| Ly ) <1—8]60/%,8>0 (6.2)

where 0 = (€2 4 7%)'/2 is the L, norm in wave number space, if

@) 0<o<l, e=0

6.3
G s=0, >0, €9

However, if 0 <o <1 and € <0, the spectral radius exceeds one. Indeed, if
€ = 0.1 we can choose, in (6.2), = 10~ uniformly independent of ¢. To achieve
this define
§ = 1— “'(f’ 7])
04 2
then pick
8 = inf &,

(£.n)
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We have found that &’ is smallest when (£, %) is near (7, ). For £ = 5 we indicate
the behavior of | u(¢, £)| in Table 1.

We have defined the distance from the origin r = V2 £ in wave number space
and e = w — (40% — o). In the next section we present further evidence as to the
usefulness of these third order operators.

TABLE I

(1 S&, )1 = D

r e = —0.1 e=0 € = +40.1
0.0 0.0 0.0 0.0

0.01 29 x 101 -1.6 x 1011 —6.0 x 101
0.10 29 x 10~° ~1.6 x 1077 —6.0 x 107
0.5 1.7 x 104 —9.7 x 10-% —3.7 X 10+
1.0 2.6 x 10-3 —1.5 x 108 —6.5 x 103
2.0 3.2 X 102 —19 x 102 —6.7 x 10~
3.0 1.0 x 101 —6.2 x 102 —2.1 x 10

7. RESULTS

We describe some numerical experiments carried out with the scheme (2.14) for
the Riemann problem in one dimension and with (4.20) for a two dimensional
scalar problem invented by Crowley [10].

Figures 5 and 6 show the results of two calculations using system (2.14) and
(2.15) to obtain approximate solutions to (2.2). Both calculations start with the
same initial data, i.e., two constant states separated by a discontinuity:

pi(x) =20 pi(x) = 2.245
u(x) =00 x>0 u(x) = 0.698) x < 0
p(x) = 0.571 p(x) = 3.528

In Fi 5, o = 0.9 with @ = 0.75. The instability is clearly shown. Figure 6
gure . — P

= =

r e
%ar p';éblem. ‘The differential equation

ry+urg+ory, =0 a.n
describes the motion of the function r(x, y, #) in the x — y plane if the velocity
components u and v are specified. We take them to be

9 =121(3) a2

X
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Density

[¢] . 2 A '

256,00 -156.00 50.00 56.00 %000 35560
Position

3.50

2.70¢

1.80}

Pressure

sof

—

25000 ~150.00 56.00 50.00 * 50 256.00
Position

FiG. 5. Pressure and density profile for the Riemann problem after 188 4T (7 = 30.138)
using o and w not satisfying Eq. (3.5).

which means that the velocity vector depends only on the radius; ie., v = Qr
defines solid body rotation (in our problem centered at (x, , ¥,) == (30,30)). If the
components of (7.2) are differentiated with respect to x and y respectively we see
that one may write (7.1) in conservation form

re+ (ur); + (vr), =0 (1.3

since the velocity field is divergence free. The distribution r(x, y, t) is prescribed at
t = 0 to be a right circular cone in (r, x, ) space centered at (37, 37) with base
radius of five and 4x = 4y = 1. Equation (7.3) subject to (7.2) states that the total
variation of r(¢), Dr(t)/Dt, along circles with radius centered at (x, , y,), vanishes,
Le., r is just uniformly rotated with period ¢ = 2x/£2. In our computation the mesh
size is 60 X 60 while the cone height is one.
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1.60
[
120}

.Bof

Density

s /

26000 <5000 750.00 ’ 56.00 15600 280,00
Position

3.50

270t

1.80}

Pressure

S0

25606 -i50.00 8600 56.00 5000 250,00
Position

Fic. 6. Pressure and density profile for the Riemann problem after 163 AT (7 = 30.065)
using ¢ and o satisfying Eq. (3.5). The rarefaction wave propagates to the left; the contact
discontinuity is located at x = 50; the shock propagates to the right with an error less than one
per cent of the theoretical shock speed.

Table II is a summary of the computations performed for this cone problem. In
problem 1, the first order scheme is defined by the operator (4.5) while for problems
2, 3 and 4, the second order scheme is defined by the operator (4.8). The third
order scheme is given by (4.20) with L defined by system (2.14) and (2.15). The
value of w in problem 5 did not satisfy the stability condition (3.5); it was kept
constant. For problems 6, 7, and 8, the local value of w satisfies w = 40? — o + ¢
with € = 0.01. The value of o is equal to 4¢/4 | v| with | v| = (¥* + v*)*/2. The
components of drift of the vertex of the cone in the x(y) direction equals the x(y)
position of the vertex computed by the difference method minus the x(y) position
of the vertex given by the exact solution.
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TABLE 11
Summary of Computations for Cone Problem

Computed No. of
Rotations  vertex Vertex Drift integration
Problem Method traversed amplitude x-direction y-direction cycles

1 first order 1/4 0.07856 6.28699 2.07856 150
second order 1 0.98935 1.65263 —2.51629 600
Omax — 1 /6

3 second order 1 0.98363 1.55743 —2.29384 300
omax = 1/3 2 0.82304 2.37585 —3.70616 600

4 second order 2 0.79365 2.25867 —3.41507 240
Omax = 5/6

5 third order 1 1.15205 0.33053 —0.29569 600
w = const = 0.01
Omax = 1/6

6 third order 1 1.03803 0.26070 —0.34469 600
Omax — 1 /6

7 third order 1 0.99707 —0.24833 —0.36810 300
omax = 1/3 2 0.89400 —0.24059 —0.45386 600

8 third order 2 0.81353 —0.33365 —0.45469 350
Omax — 4/7

9 third order ~2 unstable
Omax = 4/6

10 third order 5/12 unstable
omax — 5/6
11 third order 12 unstable 150

= const = 0.01 1 300
Omax = 1 / 3

We see how poorly first order methods compare with second or third order
methods in the amplitude and phase of the solution. The most striking difference
between second and third order accuracy is in the computation of the phase of the
solution. The position of the vertex is within one half mesh width in both the x
and y directions for the third order calculation, but is two to three mesh widths
from the exact position in both the x and y directions for the second order calcula-
tion. For both second and third order schemes, increasing the time step 4t with fixed
space step increases o period. This results in greater dissipation in the third order
difference scheme. Increasing 4t also increases the artificial viscosity in the second
order method [see [S]] and, therefore, the greater smoothing reduces the maximum
amplitude of r(x, y, t).

Problems 9 and 10 went unstable for the values of ¢ indicated. Hence, one obtains
an approximate upper bound for o, which gives an approximate upper bound for
an allowable time step.

581/5/3-14
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The remaining figures are labeled as to problem number, which corresponds to
the problems given in the table on the preceding page. The figures show the overall
behavior of the various methods and give means for a quick comparison between
the methods. The contour lines, ateach instant of time, define values #(x, y) = const, the
values of which lie between 0.05 and 0.95. For clarity, the snapshot of the solution
at the latest time has been shifted by an amount 4, which is indicated on the
figures.

5.5}
lteration number 600

45

{teration number O d
35 (

2.5r

0.5+

o 2 Yy PSS N L It P

0 .05 1.5 25 35 45 55 6.5

FiG. 7. Problem 2—Second order method with omsx = 1/6 and computed vertex ampli-
tude = 0.989; the exact value is 1.

The scheme (4.20) required approximately 4 seconds per sweep while the second
order method (4.8) (alternate sweeps were computed using first L(A4/2) L(B) L(A/2)
then L(B/2) L(A4) L(B/2), etc., rather than L(A4/2) L(B) L(4) --- L(A) L(B) L(A/2))
required approximately 1 1/3 seconds. By comparing the numerical results in the
above table, it appears that the mesh ratio, A, for third order methods can be in-
creased by a factor of three over the second order method. Comparable errors in
the amplitude of the solution are obtained with the two methods but a clear
superiority in the phase of the solution is achieved with (4.20).
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a5k

|teration number 600

@

d
35¢
iteration number 300

— *
25]
F
1.5}
05 }
—r 1 A 1 3 1 1 1 1 1 1 L
05 5 25 35 25 55 6.5

FiG. 8. Problem 3—Same initial data and method as in Fig. 7 but with omsx = 1/3; after
300 cycles computed vertex amplitude equals 0.983; after 600 cycles amplitude equals 0.823.

6.5

5.5¢

45}

35l Iteration number 600

25}

OS5}

2 n L 2 1 L 1 ] N

05 (X1 25 35 a5 55 6.5

Fic. 9. Problem 6—Same initial data as in Fig. 7; third order method with omax = 1/6; @ is
variable and is computed from Eq. (3.5). The amplitude is 1.03 after 600 cycles.
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1teration number 600,
45|

iteration number 300

3.5

25}

05}

05 15 25 35 a5 55 65

Fic. 10. Problem 7—Same as Fig. 9, but with omax = 1/3. The amplitude after 300 cycles is
0.997 and after 600 cycles is 0.894.

6.5
5.5t
45F {teration number 300
"
35 1
d
- 0 .
2.5}
Iteration number 150
1.5k
05}
05 15 25 33 35 55 65

Fic. 11. Problem 11—Same initial data as in Fig. 7; third order method with @ = 0.01 and
omax = 1/3. Calculation does not satisfy stability condition (3.5). Eddies are forming while the
amplitude increascs—calculation eventually goes unstable.
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Our tentative conclusion, subject to additional numerical tests is that (4.20),
using a more coarse mesh, may be as economical as a second order calculation on
a fine mesh while still giving superior numerical results. In addition, it is felt that
the methods presented would be best suited for problems with smooth solutions
rather than shocked flows even though accurate discontinuous solutions can be
obtained.
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